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MASSIMILIANO MELLA AND ELENA POLASTRI 

Abstract. Two divisors in P™ are said to be Cremona equivalent if there is 
a Cremona modification sending one to the other. We produce infinitely many 
non equivalent divisorial embeddings of any variety of dimension at most 14. 
Then we study the special case of plane curves and rational hypcrsurfaces. 
For the latter we characterise surfaces Cremona equivalent to a plane, under 
a mild assumption. 



Introduction 

Let Xi,X% C P n be two birationally equivalent projective varieties. It is natural 
to ask if there exists a Cremona transformation of P™ that maps X\ to X2, in 
this case we say that Xi and X2 are Cremona equivalent, see Definition 11.11 for 
the precise statement. This is somewhat related to the Abhyankar-Moh problem, 
[AM] and [Je]. Quite surprisingly the main theorem in |MP| states that this is the 
case as long as the codimension of Xi is at least 2. In this work we want to study 
the case of divisors. It is easy to give examples of pairs of birationally equivalent 
divisors that are not Cremona equivalent. Our approach is to use Log Minimal 
Model Program, LMMP for short, and its variants like Sarkisov Theory and Noether 
Fano inequalities. Via these techniques we are able to produce many examples of 
these inequivalent embeddings in arbitrary dimensions. Moreover we prove that any 
irreducible and reduced variety, of dimension at most 14, admits infinitely many non 
Cremona equivalent divisorial embeddings. This shows the difficulty of classifying 
inequivalent embeddings. This is why we next concentrate on two special classes 
of divisors: plane curves and rational hypersurfaces. One can look at Cremona 
equivalence as the action of the Cremona group of P™ on the Hilbert scheme of 
divisors. For P 2 both Cremona group and Sarkisov theory are well understood. 
This allows us to address a question posed in [L] about minimal degree curves. In 
Theorem 13. 161 we give a necessary and sufficient condition to be a curve of minimal 
degree under the Cremona equivalence. This description is not fully satisfactory. 
We do not have a straightforward way to decide whether a curve is minimal or 
not without a partial resolution of the singularities. On the other hand examples, 
see Example 13.191 show that nested infinitely near singularities give unpredictable 
behaviour with respect to the Cremona action. The second class of divisors we 
consider is that of rational hypersurfaces. A nice result proposed by Coolidge state 
that a plane curve is Cremona equivalent to a line if and only if re(P 2 , C) < 0. This 
statement has been proved and somewhat strengthened by Kumar and Murthy, 
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[KM] . Our approach with LMMP techniques gives a new proof of it and suggests a 
possible extension in arbitrary dimension. The idea is to consider a log resolution, 
say (S, C) , of the pair (P 2 , C) and translate the hypothesis on Kodaira dimension 
into a geometric restriction to the possible contractions occurring along a LMMP 
directed by C. In this way we end up on log varieties we are able to control. 
This reminded us the jj-MMP, Me], where again numerical constrain where used 
to control the birational modification occurring along a LMMP. With these two 
constructions in mind we are able to prove a Coolidge type statement also for 
rational surfaces in P 3 , Theorem 14.131 and in a weaker form for arbitrary rational 
divisors in P™, Remark 14.171 

Acknowledgement. We are much indebted to Alberto Calabri and Ciro Ciliberto 
for discussions and suggestions. Especially from preventing us to cruise in a wrong 
direction in the definition of minimal degree curves. Part of this work has been done 
during a pleasant stay at the MSRI. Massimiliano Mella would like to thank the 
Institute for providing a perfect environment. 

After this paper was completed Ciro Ciliberto brought to our attention his work 
with Alberto Calabri, |CCj . devoted to a detailed study of minimal degree plane 
curves. 



We work over an algebraically closed field of characteristic zero. We are intere- 
sted in Birational transformations of log pairs. For this we introduce the following 
definition. 

Definition 1.1. Let D C A be an irreducible and reduced divisor on a normal 
variety A. We say that (X, aD) is birational to (A', aD'), for a G Q, if there exists 
a birational map ip : X X' with ip*(D) = D' , in particular (p is defined on a 
generic point of D. Let D C P™ be an irreducible reduced divisor then we say that 
D is Cremona equivalent to D' if (P'\ D) is birational to (P'\ D'). 

Let us proceed recalling a well known class of singularities. 

Definition 1.2. Let A be a normal variety and D = J^diDi a Q-Weil divisor, with 
di < 1. Assume that (Kx + D) is Q-Cartier. Let / : Y — ► X be a log resolution of 
the pair (X, D) with 



We call 

disc(X,D) := min{a(S i! A, D)\ 

Ei is an /-exceptional divisor for some log resolution} 
Then we say that (A, D) is 



While working on plane curves we frequently use ruled surfaces to fix the nota- 
tions we recall the following definition. 

Definition 1.3. Let F a := F(0 ® 0{~a)) be the Hirzebruch surface. Then the 
exceptional section ( a fibre for a = 0) will be called Co and a fibre /. 



1. Notations and preliminaries 



K y = f*(K x +D) + J2 a{E u X, D)E l 
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In the final section we will be using some standard Cremona maps of P 3 , see 
for instance |SRj . and birational modifications of scrolls. We find it convenient to 
group them here. 

Construction 1.4 (T^^). Let I C P 3 be a line and Pi,P2,P3 three general points. 
The linear system of quadrics through this configuration is homaloidal and gives 
rise to a Cremona transformation of type T2.3. For our purpose the following facts 
are important: 

the rational normal curves secant to I and passing through the p^s are sent to 
lines; 

the plane P spanned the p^s is contracted to a line by the linear system of conies 
through the p^'s and the point of intersection I n P. 

Construction 1.5 (T3 3). Let Y C P 3 be a rational normal curve. Two general cubics 
containing T intersect along T U C. Then the linear system of cubics through C is 
homaloidal and produces a Cremona transformation of type T33. It is a pleasant 
exercise to check that any rational cubic with isolated singularities is contained in 
one such linear system, and is therefore Cremona equivalent to a plane. 

Definition 1.6. Let X := ¥(£) -> P 1 be a scroll, and x G F C X a point. Then 
the elementary transformation centred at x is 

elm,; : X — > X' 

the composition of the blow up of x and the contraction of the strict transform of 
F. Then X' is still a scroll over P 1 . 

Let X :— P(£) — > W be a scroll over a surface, and Y C X a smooth curve 
section. Let it : X — > W be the scroll structure and F := 7r*(7r*(T)). Then the 
elementary transformation centred at Y is 

elm r : X — » X' 

the composition of the blow up of Y and the contraction of the strict transform of 
F. Then X' is still a scroll over T4 7 . 

Construction 1.7. A nice feature of these elementary transformations is the follow- 
ing. Let X be a 3-fold scroll over W, and S C X a smooth surface section. Then 
7T|5 : S — > is a birational map. Let fl C 1 be a general surface section and 
Y := S D D. Then we have elm r (5) ^ W. 

2. Existence results 

We expect that any projective variety has infinitely many non Cremona equiv- 
alent divisorial embeddings. A slight variation of MP, Lemma 3.1] together with 
the remarkable work of Mather, |Malj . |Ma2j . |Ma3| allows us to prove it under a 
dimensional bound. 

Theorem 2.1. Let X be an irreducible reduced projective variety of dimension 
k. Assume that k < 14 then there are infinitely many non Cremona equivalent 
embeddings of X in P fc+1 . 

To prove the theorem we recall in a slightly generalised form [MP, Lemma 3.1]. 

Lemma 2.2. Let X n be an irreducible and reduced projective variety. Let C and 
Q birational embeddings of X into P™, of degree respectively I and g. Assume that 
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I > g and ipc{X) is Cremona equivalent to (pg(X). Then the pair (P™, ^j^-ipciX)) 
has not canonical singularities. 

Proof. Let $ : P™ --■» P™ be a Cremona equivalence between ipc(X) and ipg(X). 
Fix a resolution of $ 




Then we have 



O z ~ p*(0(K P » + ^±1^ C (X)) = K Z + 7 -^-X z - £ ai Ei 



and 



—j—<Pg(X))=K Z + — 



-X z - hFi 



where Ei, respectively Fi, are p, respectively q, exceptional divisors. Let / C P ra be 
a general line in the right hand side P™. Then the hypothesis I > g yields 



> q-H ■ (q*(0(K V n + 



n+l 



I 



-ipg 



(X)) + Y,hFi) = {Y,aiEi) ■ q-H 



This proves that at least one < proving the claim. 



□ 



Proof of Theorem \2.1\ Let X k be an irreducible reduced projective variety and A, 
B very ample linear system of degree at least {k + l)(k + 2). Consider two general 
sublinear system C C A and Q c B both of projective dimension k + 1. Let X\ — 
(fc(X) C V k+1 and X 2 = ip g {X) C P fe+1 . Lemma O shows that X x and X 2 are 
not Cremona equivalent as long as deg X\ > deg X 2 and 

r u v i ^ de S X i 
maximult T Ai ^ < — 



If A; = dimX < 14 then by Mather transversality [Malj |Ma3j . see also [BE] , a 
general projection has points of multiplicity at most k + 1 and therefore X\ is not 
Cremona equivalent to X 2 ■ □ 



Remark 2.3. Mather's results are optimal as explained by Lazarsfcld, [La, Theorem 
7.2.19] see also [BE] . In general it is not known a bound, depending only on the 
dimension, for the singularities of a general projection. 



Via Lemma f2.2l it is easy to give examples of inequivalent embeddings in arbitrary 
dimension. Consider a smooth codimension two subvariety X a j, C P k+2 given by 
the complete intersection of a form of degree a with a form of degree b, for a < b. 
Then a general projection to P fe+1 has degree ab and points of multiplicity at most 
a. On the other hand projecting from a general point of X produces a birational 
embedding of X of degree ab — 1. By Lemma [2.21 these two embeddings are not 
birational equivalent as long as b > k + 2. Theorem 12.11 and this example show 
that the classification of inequivalent embeddings is almost hopeless for a general 
variety. On the other hand there are special classes of varieties for which something 
more can be said. 
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3. Plane curves 

In this section we study the Cremona equivalence for plane curves. Our aim is 
to describe minimal degree representative in each class of Cremona equivalence. 

Definition 3.1. Let C C S be an irreducible reduced curve on a smooth surface 
S. Then C is a Cartier divisor and to any valuation v of K(S) we associate the 
multiplicity multj, C. Let Sing(C) = {pi} be the set of valuations with multiplicity 
m, = mult Pi C > 1, and mult(C) = {mj the associated set of multiplicities. We 
always order the pi in such a way that m, > TOj+i . 

Remark 3.2. The centres of valuations pi are always points, on every birational 
model of S this is why we opted for the notation pi, and frequently call them 
points, if no confusion is likely to arise. 

It is clear that any pair (P 2 , C) is birational to a pair (F OJ C). Our first aim is 
to choose a nice representative of the pair (P 2 , C). This is a slight variation on the 
usual Sarkisov program for log surfaces, [BMj . 

Proposition 3.3. Let C C P 2 be an irreducible reduced curve of degree d. Then 
(P 2 ,C) is birational to one of the following: 



(P 2 ,Z) icP 2 a line 


(P 2 ,C) C~0(d') 

A> + JrC = 
(P 2 , jjC) terminal 


(F ,C) V-afo+Pft 
Kw a +JC nef 
(Fq, — C) terminal 


(F Q ,C) C~aC +(3fi 
Kw a +JC nef 
(F a , canonical 
(F a , —C) terminal along Co 



Proof. We prove the statement by induction on the degree of C . Assume that 
(P 2 , |C) is not terminal hence 

, , d 
(1) mi > - 

If d — m± = 1, then C is Cremona equivalent to a line. 

Assume that d — m\ > 2 and let e : Fi — > P 2 be the blow up of p\. Let 

C = e ; 1 C7-(d-TOi)C +df 
be the strict transform. Then 

C ■ Cq = mi 

and we have 

(k ¥i + -r^—c) • Co = -l + > o 

d — mi d — m\ 

In particular 

Kw, + -, C is nef 

d — mi 

Let </> : Fi --■» Fj be a sequence of elementary transformations centered on non 
canonical points and non terminal points along Co. 

To simplify notations we will call C all strict transform of C along this chain of 
elementary transformations. Let us understand better this process. Let p E C be 
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a point of multiplicity m. Let (f> : ¥ a ---> F a ±i be the elementary transformation 
centered at p. If p S Co then the elementary transformation moves the singularity 
away from the exceptional section. Note that 4>{C) has a new point q of multiplicity 

= d — rrii ~ m - 

In particular if we have m > rf ~ 2 mi then m q < rf ~ 2 mi . 

This means that after finitely many elementary transformations we obtain a pair 

2 — 

(Fb, — C) canonical and terminal in a neighbourhood of Cq. 

a — mi 

Let 

C ~(d-m{)C + [3f 
If 6 > 2 we have finished because Kf b - Co > 0. Assume that 6=1 and 

2 — 

Kf 1 + — C is not nef 

a — mi 



2 

(mi - d + f3) < 1 

- mi 

2/3 < 3(d-mi) 



then 
that is 

By equation |T]) this yields 

13 <d. 

In other words C is birational to a plane curve of degree (3 < d and we conclude by 
induction on the degree. Assume finally that 6 = and 

2 — 

^F n + C is not nef 

d — mi 

then (3 < (d — mi). This time we change the coefficient and repeat the argument 
for (Fo, ^C). The coefficients used are in ^, therefore after finitely many steps we 
find the required model. □ 

Definition 3.4. Let C C P 2 be a curve. A standard model of (P 2 , C) is a birational 
pair (F a , C) obtained via the construction of Proposition 13. 31 

The main difficulty in using these models is that they are not always unique. 

Remark 3.5. Thanks to the uniqueness of minimal models for surfaces the models 
with terminal singularities are unique. Note that in presence of canonical singula- 
rities the uniqueness is lost. Let C C P 2 be a 6-ic curve with an ordinary double 
point and a tac-node. If we blow up the ordinary double point we end up with a 
model (Fi, \C). While resolving the tac-node we produce a model (Fa, |C). 

Even if not unique the above models allow us to choose minimal degree repre- 
sentative in every Cremona class. Let us start with the following. 

Proposition 3.6. Let (S,C) and (S',C) be two birational, not biregular, mo- 
dels in the list of Proposition 13.31 Then both S and S' are ruled surfaces. Let 
$ : (S,C) (S',C) be a birational map of the pairs and assume that 

C - aC + /3 f and C ~ a'C + (3' f . Then 
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ii) if K(S,2/aC) = 1, then $ is an isomorphism on the generic fibre of the 
ruled surfaces. 

Proof. All our model have canonical singularities therefore the log-Kodaira di- 
mension is preserved. Note that the only element with negative Kodaira is the first 
listed. We can assume that K,(S,2/aC) = k(S' ,2/a'C) > 0. We already noticed 
that two terminal models are isomorphic. Hence the models involving P 2 are unique. 

Assume that a' > a then (S,2/a'C) has canonical singularities therefore 

K(S,2/a'C) = K(S',2/a'C) > 0. 

On the other hand every model with non negative Kodaira dimension has infinitely 
many curves Z\ such that 

(K s + 2/aC) ■ Z\ = 0. 

This yields a = a'. Assume that K,(S,2/aC) = 1, then S = ¥ a and S' = F /. 
Then the fibre structure on F a is the log-Iitaka fibration of the pair. Therefore it is 
preserved by any birational map of the pair. □ 

Remark 3.7. Note that Proposition 13. 61 (ii) is false for pairs with zero log-Kodaira 
dimension. Consider a sestic C with at least four ordinary double points. Then 
blowing up the fourth node realizes a model but one can equivalently apply a 
standard Cremona transformation on the first three nodes and then blow up the 
fourth. 

Remark 3.8. Let D ~ aC'o+bf be an irreducible curve in F a . Let elm p : ¥ a — » F a -ti 
be the elementary transformation based on a point p of multiplicity m for the curve 
D. Let D 1 = elm p *(D) ~ aCo + b' f the strict transform. Then according to the 
position of p with respect to Co we have 

b' = b-m ifp^Co, b' = b+(a-m) if p E C 

Definition 3.9. An irreducible and reduced curve C C P 2 is a minimal degree 
curve if it is not Cremona equivalent to any curve of lower degree. 

We are ready to put the first brick. 

Lemma 3.10. Let C C P 2 be a curve of degree d > 1, with multiplicity set {rrij}. 
Assume the following 

a) mi > d/3 

b) C is a minimal degree curve 

c) (S, C) is a model of (P 2 , C), with C - aC + f3f 

d) k((S,2/oC) = 1 

Then a — d — mi, S = F a; and the general fibre of¥ a is the strict transform of a 
line through p\ . 

Remark 3.11. In particular the pair (P 2 , 3/dC), as in the statement of Lemma R-lO! 
has at most two places of non canonical singularities on P 2 . If moreover the places 
are two then all other singularities are terminal, again the assumption on Kodaira 
dimension is crucial. We would like to thank Alberto Calabri and Ciro Ciliberto for 
pointing this out to us while we where cruising in wrong directions. 
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Proof. Let v : Fi — > P 2 be the blow up of pi. Then 

v- 1 (C) = C~(d-m 1 )C +df 

If either m 2 < rf ~ 2 mi or m 2 > d ~ 2 mi and m 3 < d ~ 2 mi we produce a terminal model, 
therefore unique, and the claim is clear. 

If m 2 > d ~ 2 " u and m 3 > d ~ 2 mi then assumption b) forces all non terminal points 
to lie on C . Let (F Q , C) be a standard model of (P 2 , C). Let C ~ aC + 0f, then 
we have. 

Claim. The general fibre of F is a line through pi and a = d — m\. 

Proof of the claim. The standard model (F OJ C) is obtained via a chain of elemen- 
tary transformations, starting from the blow up of a point of maximal multiplicity 
of C. In particular the general fibre, after this blow up, is a line passing through pi. 
The only ruled surface with two fibre structures is Fo. Hence to change the general 
fibre the chain of elementary transformations has to go back to Fo, and henceforth 
to Fi. Let ip : F n — * Fi such a map, and 

C := ip*(C) ~ (d- mi)Cb + df 

be the strict transform of C on Fi . Then by Remark 13.81 we have 

k k 

d = d+y]((d- mi) - fij) - y^Mfe 
i i 

where are the multiplicities of points successively lying on the exceptional section 
and /i/j are the multiplicities of points lying outside of it. Note that by construction 
both /i/j and [J,® are bounded from below by 2 mi . Furthermore by hypothesis we 
have Hi — m 2 > d ~™ x . Therefore the existence of such a chain produces a plane 
curve of degree d' < d Cremona equivalent to C. □ 

The claim and Proposition I3.6f ii) allow to conclude in this case. 
Assume now that m 2 = rf ~ 2 mi ■ Let (¥ a ,C) be a standard model. Then we only 
blow up points on the exceptional section. In particular no chain of elementary 
transformation can land on Fo. This is enough to conclude again by Proposition 

ESP). □ 

Remark 3.12. The proof of Lemma [3.101 also yields the following. Let Cd C P 2 be 
a minimal degree curve , with mi > d/3 > 1. Then a standard model of (P 2 , Cd) is 
a ruled surface. 

Definition 3.13. Let S C F a be a (eventually reducible) section, fi and / 2 two 
fibres and £ *~ E + / an irreducible section. The linear system 

A E = {E + /i J E + / 2> Z!} 

is called a planar linear system associated to E. Let <p : ¥ a P 2 be the map 
associated to and D C F a an irreducible curve. Then (P 2 , y> „,(£>)) is called the 
plane model of (F a , D) associated to As. 

Every rational map F a ---» P 2 sending the general fibre of F a to a line is given 
by some planar linear system. As a foreword to the next Proposition we want to 
spend few lines on these linear systems. Let As = {E + /i, E + / 2 , E} be a planar 
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linear system on F , and ip : ¥ a — » P 2 the rational map associated. The base locus 
of As is given by 

BsA s = S ■ E 

and the morphism ip can be factored as follows. Let 9 : ¥ a --• » Fi be the chain of 
elementary transformation centered BsA^. Then we have 0*(E) = Cq C Fi. Let 
v : Fi — ► P 2 be the contraction of the exceptional section Cq. In this notation we 
have tp = v o 6. In particular given an irreducible curve D d¥ a with D ~ aCo + /3/ 
then 

0„(D) • Co = !>•£- 

where the //j are the multiplicities of D along Bs A^ . Hence the curve ip* (D) C P 2 
has degree 

(2) deg<p*(D) = D-Y,-J2»i + a - 

Our next aim is to single out special planar systems. Consider a model (F a ,C) 
of Proposition 13.31 Let v : F a — » F& be a chain of elementary transformations 
that resolve the singularities of C along Co- Let C := v*{C) ~ aCo + /?'/ be the 
strict transform. Let xi ^ Co be a point and elm Xl : Fj — » Fft_i the elemen- 
tary transformation centered at xi. Recursively choose a valuation Vi with centre 
cent Vi (Fft_j_i) = Xj € Fb_i_i \ Co and perform the elementary transformation 
centered at x,-. Then after 6—1 steps we have 

ipx 1 ,...x b _ 1 ■= e o elm Xb _ 1 o • • • o drn^ : F b P 2 

where e is the blow down of the (— l)-curve on Fi. In particular (^ X i,...a:(,_i)*(C) is 
a curve of degree 

b-l 6-1 

C • (C + (6 - 1)/) - 5^/Xi + a = /3' - 53 /ii 
i i 

where fii = mvlt Xi C . 

Definition 3.14. Let (F Q ,C) be a model of Proposition l3~3l Let v : F a Ft be 
a chain of elementary transformations that resolve the singularities of C along Co- 
Let C := f*(C) be the strict transform. Let {xi, . . . ,x&_i} be a set of centres of 
valuations as in the above construction. We say that {xi, . . . ,x&_i} is minimal for 
C if ^2 mxdt Xi C is maximal. Consider the planar linear system on F& 

|6-1| f)-l 

A Co := {(Co + 53 fi) + fo, (Co + 53 fi) + f b , S} 
i i 

where E • f = Xj, for i = 1, ... b — 1. Then the plane model associated to Ac will 
be called a minimal plane model for (F a ,C). 

Remark 3.15. Unfortunately the definition of minimal plane models requires a par- 
tial resolution of singularities. This cannot be avoided. To convince yourself it is 
enough to consider a standard model with a unique, nested, singularity along Co. 
The hidden contribution coming from the singularity could drop the degree much 
more than the smooth points outside. 

With this in mind we are ready for the following 
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Theorem 3.16. Let CcP 2 be a curve, with multiplicity set {mi}. The curve C 
is a minimal degree curve if and only if either mi < d/3 or it is a minimal plane 
model or it is a line. 

Proof. Let (P 2 , C m i n ) be a minimal degree curve. Assume that C m i n is not a line 
and mi > c?/3. As noted in remark [3.121 a standard model is a ruled surface. Let 
(F a , C) be a standard model for (P 2 , C m i n ). Let v : Fi — > P 2 be the blow up of a 
point p € C m i n of maximal multiplicity. Let C — v~ (C m i n ) be the strict transform, 
and £ C Fi the exceptional section. 

Let C ~ aCo + /?/, and assume ft(F a ,2/aC) = 1. Then, by Lemma [3.101 (ii), 
there is a sequence of elementary transformations $ : Fi ---> F , leading (Fi, C) to 
(F OJ C). In particular $*(£') =: S is a section. Let x '■ -~* F& be a resolution 
of the singularities of C along Co, with C — x*(C) ~ a Co + Then the linear 
system taking (F&, C) to (P 2 , C m i n ) is a planar linear system associated to S, say 

A s = {E + / 1 ,E + / 2 ,E}. 

Let E ~ Co + 7/ be the section. Then we have 

E • E = 2 7 + 1 - b, 

and, by equation ([2]), the plane model associated to As has degree 

27+1-6 27+1-6 
(3) fc = E-C- J2 »i+<x = a(~f-b+l)+f3'- W 

1 1 

where the ^(^ are multiplicities of C at the centres of elementary transformations. 
To prove the theorem we have to show that the minimal degree is attained by 
E Co = Co + (b - 1)/. 
We have to check that 

6-1 27+1-6 

<«(7-& + l)- W 
1 1 

where /z? are the multiplicities associated to the planar linear system As c . Note 
that at least b points of E • E are outside the exceptional section, there is a unique 
curve with negative self intersection on Fi . Moreover (F ,2/aC) is a standard model 
therefore there are at most b — a points of multiplicity strictly greater than a/2, 
and the corresponding valuations are centered outside Co- That is we can assume 
that 

6-1 6-1 

1 1 

Hence it is enough to check that 

27+1-6 

a(7-6+l)- 

6 

Moreover, we have that 

a 

//i < — for i > b — a 

then 

27+1-6 

a(j-b + l)- W > a(7-6 + l) -2(7-6 + l)a/2 = 0. 

6 
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Assume that K(¥ a ,2/aC) = then a < 2. Let (P 2 ,C m i n ) be a minimal degree 
curve birational to (F a ,C). 

Claim. A standard model of (P 2 ,C m i n ) is obtained with at most one elementary 
transformation. 

Proof of the Claim. Let v : Fi — > P 2 be the blow up of p\ £ C m j n C P 2 and assume 
that (Fi, j/~ 1 (C m i n )) is not the model. If we have either p 2 ^ Co or p 3 Co- Then 
minimal degree forces F a to be either Fo or ¥2 with 7773 < (d — mi)/2, and the claim 
is clear. 

Assume P2,P3 £ Co, and 771 3 > (d— mi)/2. The requirement on Kodaira dimen- 
sion forces every model to have a < 2. Therefore, after eventually the first, any 
elementary transformation centered on the exceptional section has to be balanced 
by an elementary transformation centered outside the exceptional section. If this 
chain of elementary transformations take us back onto F2 with a curve C C F2 then 

s S— 1 

C ~ (<f - mi )C + (d + £((d - 777!) - - Mh)/ 

1 1 

where /j^ and /x/j are the multiplicity of points on Co, respectively, outside Co- 
The standard model construction yields /i° > (d — mi)/2 and /j/j > (d — mi)/2. 
If (F2,2/aC) is not terminal the projection from a non terminal point produces a 
curve of degree 

s s-1 

d < d + ^2((d - mi) - M°) - J] ^ ~ ( d ~ mi V 2 < d 
1 1 

If (F2,2/aC) is terminal then it is the standard model and C • Co =0. In 
particular fi^ = d — mi, for any h — 1, . . . , s — 1, hence a general projection of C 
onto P 2 has degree 

s 

d = d + ^((d - 777l) - /J°) - (S - - 777l) < d. 

1 

□ 

If (F a , C) is the unique model the claim is enough to conclude. 

Assume that (F a , C) is birational to a model (F&, C). Then we can assume that 
a = 1 and 6 = 2, and one is a standard model of (P 2 ,C m i n ). The vanishing of 
Kodaira dimension and a uniquely determine the linear equivalence class of C and 
C, namely 

3 ~ 

C ~ aC + -af and C - aC + 2af 

Note further that the existence of two models forces the presence of a canonical 
singularity. Therefore the minimal plane models obtained by the two have equal 
degree |a. 

In the other direction if (P 2 ,C) has 777,1 < d/3 it is a minimal degree curve 
by Lemma 12.21 Assume that (P 2 ,C) has mi > d/3 it is not a line and it is a 
minimal plane model. Let (F a ,C) be a standard model, with C ~ aCo + f3f. 
If «(F a ,2/aC) = 1 then Lemma 13.101 and Definition 13.141 allow to conclude. If 
ft(F a ,2/a:C) = then, as we already observed, the linear equivalence class of C, 
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and the degree of any minimal plane model is uniquely determined by a. Proposition 
13.61 is therefore enough to conclude. □ 

The main question is: can we describe minimal plane model curves (without 
going through a partial resolution)? We do not expect to have a positive answer 
in general. In the positive direction there is a nice result of Jung, we are able to 
recover. 

Corollary 3.17 ([ju]). Let CcP 2 be a curve with mi + m 2 + m 3 < d. Then C is 
a minimal degree curve. 

Proof. The assumption forces rrii < {d—m\)/2. Therefore a minimal plane model 
is reached by performing the inverse of a resolution of singularities along Co- □ 

Unfortunately the opposite direction is not true, even discarding the trivial ex- 
ample of lines. 

Example 3.18. Let C C P 2 be a curve of degree 7 with a point of multiplicity 4 
and two infinitely near double points. Then it is easily seen that C is a minimal 
curve. 

The difficulty in predicting minimality for plane curves can be seen in the fol- 
lowing example. 

Example 3.19. Let Di C F3 be irreducible and reduced curves with Di ~ 3Cb+ll/. 
Assume that D\ has a unique ordinary double point, say p\ G Cq and D2 has a 
unique ordinary double point, say P2 € F3 \ Cq. The pair (F3, Di) is birational to a 
pair (P 2 ,Ci). Where Ci is a degree 9 curve with a six-tuple point and 3 infinitely 
near double points. The main difference, that we can only divine on the resolution, 
is that C\ is a minimal degree curve, while C2 is birational to a curve of degree 8 
with a quintuple point and an infinitely near double point. 

It is easy to produce similar examples of arbitrarily nested singularities. 

4. Rational divisors 

It is natural to ask when a rational hypersurface is Cremona equivalent to 
a hyperplane. The unique case in which an answer is known is that of rational 
curves. Coolidge, |Coj . first suggested that this should be the case if and only if 
k(P 2 ,C) < 0. For any pair (X, D) we will indicate with ~k(X,D) the log-Kodaira 
dimension of a log resolution. Kumar-Murthy were able to prove the following, see 
also [HI Proposition 12]. 

Theorem 4.1. [KMj A rational plane curve is Cremona equivalent to a line if and 
only if\2K P 2+C\ = 0. 

It is interesting to give a LMMP approach to this statement. 

Proposition 4.2. A rational plane curve C is Cremona equivalent to a line if and 
only z/k(P 2 ,1/2C7) < 0. 

Proof. We have only to prove that if k(P 2 , 1/2C7) < then C is Cremona equi- 
valent to a line. Let g : S — > P 2 be a minimal resolution of singularities, with 
Cs = g* 1 ^). Then by hypothesis we have k(S, 1/2C) < 0. Let us start a LMMP 
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program for the pair (S, l/2Cs). The hypothesis on Kodaira dimension shows that 
every (— l)-curve contracted during the LMMP satisfies 

[K + 1/2(7) ■ E < 

where K is the canonical class and C the strict transform of the curve C. This 
means C ■ E < 2. In particular the output of the LMMP is a pair (S, 1/2C) with C 
smooth and K g + 1/2C negative on infinitely many curves. If S is P 2 the claim is 
clear. Otherwise S is a rational ruled surface and C is a smooth rational curve. A 
simple computation allows to conclude that C is one of the following: 

a fibre of one ruling in S, 
a section of one of the ruling in S, 
C~2(C + /) and 3 F x . 
In all these cases (S, C) is easily seen to be birational to a line in P 2 . □ 

The case of plane curves has been studied from many different points of view. 
Various other necessary and sufficient conditions are known, see |FLMN| for a nice 
survey. Probably the most tempting conjecture is Nagata-Coolidge's prediction 
that every cuspidal rational curve is Cremona equivalent to a line, |Co] [Na] . For 
this we do not see any translation into LMMP dictionary. 

It is quite natural to ask for generalisations in higher dimensions. The main 
difficulty is the poor knowledge of Cremona group starting from P 3 . 

The case of surfaces is already quite mysterious. It is easy to show that quadrics 
and cubics are Cremona equivalent to a plane, see Case l4. lBl below. Rational quartics 
with either 3-ple or 4-uple points are again easily seen to be Cremona equivalent 
to planes, the latter are cones over rational curves Cremona equivalent to lines. 

It has been expected that Noether quartic should be the first example of rational 
surface not Cremona equivalent to a plane, but this is not the case. 

Example 4.3. Let ScP 3 be the Noether quartic. That is a quartic with a unique 
double point of local analytic type O G (x 2 + + 94 = 0) C C 3 (x,y,z). We can 
assume that the equation of S is 

{xlx\ + /3X3 + .94 = 0) C P 3 

with p = [0, 0, 0, 1] G S the unique singular point. Let e : Y — > P 3 be a weighted blow 
up ofp, with weights (2, 1, 1), and exceptional divisor E. Then e*(xo = 0) = H + 2E 
and we can contract H to a curve. Let (j, : Y —* V be the contraction of H . Then 
V is the cone over the Veronese surface in P 6 . The linear system providing this 
birational map is that of quadric with multiplicity 2 on the valuation E. Therefore 
we have Sy '■= (fJ> e)*(S) G |Oy(2)|, and Sy is a smooth surface in V. 

Let Ai be a general hyperplane section ofV and consider T ;= A\ HSy , a smooth 
irreducible curve. Let C C Sy be a general smooth conic, and 

B = {B ,B 1 ,B 2 ,B 3 } = \Ov(l)®l c \- 
Let us consider the linear system 

C = {S v ,Ai + Bo ) Ax + B 1 ,Ai + B 2 ,A 1 + B 3 } c |CV(2)| 
and (p : V --■> P 4 the rational map associated. Then 

Sy{A 1 +B i )=T + C + Ri 
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for some residual curve Ri C Bi. Let v : P 2 — * Bi be the Veronese embedding. In 
this notations v*(C) is a line, v*(Sv\Bi) ~ C(4)- Therefore the residual curve Ri 
is the image of a cubic curve via the Veronese map v. Moreover we have Bj\ Bi = 
C + Dji and v*(Dji) ~ O(l). Hence Z^j := Ri ■ Bj is a zero dimensional scheme 
of length 6 with only 3 points outside of C . This means that <f(V) is a, singular, 
cubic hypersurface and therefore a projection from a singular point gives the required 
Cremona. 

Note that for the Noether quartic we have k(P 3 , S) < 0. This example and the 
proof of Proposition ^. 21 suggest that a result similar to Proposition 14.21 is at hand 
also for P 3 . To get it we have to slightly modify the (J-MMP developed in |Mej for 
linear systems on uniruled 3-folds. 

Definition 4.4 ( [Mej ) ■ Let T be a terminal Q-factorial uniruled 3- fold and H an 
irreducible and reduced nef Weil divisor on T. Let 

p = ph = p(T, H) —: sup {to G Q\H + vtiKt is an effective Q-divisor } > 0, 

be the threshold of the pair (T,H). 

Remark 4.5. Note that the threshold is not a birational invariant of the pair. Think 
for instance to (¥ 3 ,H), with H a plane, and (P 3 ,Q). On the other hand p < 1 
is clearly equivalent to k(T, H) < 0. Therefore the bound p < 1 is a birational 
invariant. 

The main result we need in this contest is the following modification of [Me, 
Theorem 5.3]. 

Theorem 4.6. Let (P 3 ,^) be a pair with S a rational surface and ^(P 3 ,^) < 0. 
Then (P 3 , S) is birational to (T, St) where the pair (T, St) is one of the following: 

i) a rational Q-Fano 3-fold T of index 1/p > 1, with Kt ~ —l/pSr, of the 
following type: 

a) (P(l,l,2,3),0(6)) 

b) (X 6 C P(l, 1, 2, 3, a), X e n {x 4 = 0}), with 3 < a < 5 

c) (P(l,l,l,2),C(2fc)) 7 with k = 1,2, 

d) (X4, C P(l, 1, 1, 2, a), X 4 n {xi = 0}), with 2 < a < 3 

e) (P 3 ,C(a)), with a < 3, 

f) (X 3 cP(l,l,l,l,2),X 3 n{a;4 = 0}), 

g) (Q 3 ,C(6)), with b<2, X 2 a C P 5 ,C(1)) 7 a linear section of the Grass- 
mann variety parametrising lines in P 4 , embedded in P 9 by Plucker 
coordinates; 

ii) a bundle over a P 1 with generic fibre (F,St\f) — (P 2 ,C(2)) and with at 
most finitely many fibres (G,St\g) — (§4>C(1)); where §4 is the cone over 
the normal quartic curve and the vertex sits over an hyper- quotient singu- 
larity of type 1/2(1, -1, 1) with f = xy - z 2 + t k , for k > 1, |YPG] : 

iii) a quadric bundle over P 1 with at most cA\ singularities of type f = x 2 + 
y 2 + z 2 + t k , for k>2, and S T \ F ~ 0(1); 

iv) (¥(E),0(1)) where E is ark3 vector bundle overV 1 ; 

v) (¥(E),0(l)) where E is a rk2 vector bundle over a rational surface W; 

vi) n : T —> W is a Mori fibre space and St = tt*A for some effective divisor 
A on W. 
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Proof. We already observed that k(P 3 , S) < is equivalent to p(P 3 , S) < 1. We 
mimic the proof of Me, Theorem 5.3]. The main difference is that we are assuming 
that the 3-fold is rational and S is not a big linear system but a fixed divisor. Let 
v : Y — > P 3 be a log resolution of the pair (P 3 ,^). Let Sy = v~ x S be the strict 
transform. First we have to check that Sy, and its direct images, are not contracted 
along the #-MMP. To do this observe that the #-MMP is directed by the nef value 

sup{m £ Q\mKy + Sy is nef}, 

and every birational modification is centered on an extremal ray, i.e. the canonical 
class is relatively antiample. Let C be a curve contracted along the #-MMP. Then 
we have (mKy + Sy) ■ C — 0, for some m > and Ky ■ C < 0. Therefore Sy ■ C > 
and the surface Sy cannot be contracted by the steps of the program. If p(F 3 , S) > 
the list is just the one of [Me| Theorem 5.3] with T rational. In particular for Fanos 
it is enough to amend the list in |Mej using the list of non rational smooth Fanos 
in [Isl Theorem 5]. This gives all cases from i) through v). If /o(P 3 , S) = then St 
is relatively trivial and we end up in case vi) . □ 

Let us start to prove some Cremona equivalences. 

Lemma 4.7. Assume that (T,St) is in cases ii)— v) of the above list. Then it is 
Cremona equivalent to a plane in P 3 . 

Proof. We treat the different possibilities separately. 

Case 4.8 (ii). Let n be the general point of the base P 1 . Consider F n = P 2 , the 
generic fibre of T, and C v the generic fibre of St, a conic. Then by Tsen's theorem 
C v has many rational points. Choose three general points on C v and do a standard 
Cremona transformation on F v centered at these points. This sends F v to P^ and 
to a line l v . This induces a birational modification on T and shows that (T, St") 
is birational to a pair in case iv). 

Case 4.9 (iii). As in the previous case let n be the generic point of the base P 1 . 
Then F v = Q v C P 3 is the generic fibre of T and C n is again a conic with many 
points. The projection from a point sends F n to P^ and C v to a line l v . Therefore, 
also in this case the pair (T, St) is birational to a pair in case iv). 

Case 4.10 (iv). Via elementary transformations centered in a bunch of points we 
can modify (T, S T ) into the pair (P(0® 2 ©0(-1)), 0(1)). This shows that (T, S T ) is 
birational to a surface S C P 3 of degree d with a line of multiplicity d— 1. Let I C S 
be this line. To conclude these cases we prove by induction on the degree d that S 
is Cremona equivalent to a plane. The case d — 2 is immediate. Let uj : P 3 ---> P 3 
be the map, given by the linear system 

\0{2)®li®\l Pi \ 

where pi are general points of S. Let V be the image of the plane (pi,P2,P3) via u, 
keep in mind Construction 11.41 Then ui(S) C P 3 is a surface of degree 

3d-2(d-l)-3 = d-l 

with the line I' of multiplicity 2d — (d — 1) — 3 = d — 2. We conclude by induction 
hypothesis. 
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Case 4.11 (v). Let D C T be a general very ample divisor, and 

r := St (~l D 

the smooth intersection, keep in mind that St is smooth. Let elmr : T Ti 
be the elementary transformation centered on T. Let Si := elmr(S'), then as we 
observed in Construction 11.71 Ti is still a scroll over the rational surface W, and 
Si = W. Let // : W -~> P 2 be a birational map. Then, as explained in |Me[ 5.7.4], 
we can follow this birational map on the 3-fold. This produces a birational map 
(j> : T\ — » T' and diagram 



In this way we end up with a pair (T', S"), birational to (T, Sr), with T" a scroll 
over P 2 and S' = P 2 a section. Then S 1 ^,, ~ 0(s) for some s < 0. If s < consider 
a curve CcT' with <(C*) - 0(s) and CnS' = 0. Then clm c modify (T", S') into 
(P 2 x P 1 ,^), with F — p*(Opi(l)). To conclude it is then enough to project from 
two general points of this 3-folds in its Segre embedding. 

□ 

Remark 4.12. A similar treatment for case vi) seems out of reach. The main dif- 
ficulty comes from rational conic bundles, that are not scrolls. The knowledge of 
these 3-fold is very poor. Even assuming the standard conjectures, like Cantor or 
Iskovskikh rationality criteria, it is very difficult to guess any kind of birational 
embedding of St in P 3 - This difficulty forces us to ask for a positive threshold in 
the main theorem below. 

It is clear that if S is Cremona equivalent to a plane then k(P 3 , S) < 0. We want 
to prove that the converse is also true, under a mild assumption. 

Theorem 4.13. Let S C P 3 be an irreducible and reduced surface, assume that 
/o(P 3 , S) > 0. Then S is Cremona equivalent to a plane if and only if k(P 3 , S) < 0. 

Proof. Thanks to Theorem 14.61 Lemma \A. 71 and the assumption on the thresh- 
old we have only to worry about Fanos. Unfortunately we do not have a general 
argument. To conclude we have to produce for any variety in the list a birational 
map to P 3 that sends St to a surface we are able to treat. Let (T, St) be the pair 
birational to (P 3 ,^). 

Case 4.14 (a, b). Assume first (T, St) = (P(L 1, 2, 3), 0(6)). Let e : Y -> P 3 be the 
weighted blow up of the point [0, 0, 0, 1] with weights (1, 2, 3), on the coordinates 
(xo, xij Xz), and exceptional divisor E. We choose the coordinate in such a way that 
the plane H — {x^ — 0) satisfies 

e*H = H Y + 3£, 

that is etffy : Hy — > H is the weighted blow up (1,2). In particular on Y there is a 
line I, the strict transform of (xi = a; 2 = 0), with normal bundle 

% = o(-i)eO(-2) 
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Let fj, : Y --■> Y' be the antiflip of I, then H' — fi^Hy — P(l, 1,2) is a cone with 
the vertex over a terminal point of type 1/2(1,1,-1) and we can blow it down 
to a smooth point, with a morphism v : Y' — » Z. Let us understand what is Z. 
We have rkPic(Z) = 1. Let A C | Cp3 ( 1 ) | be the pencil of hyperplanes through I, 
tp := v o fj, o e, and <^*A = .A. Then we have 

-K Y = e{-K x ) — 5E = AH + (12 - b)E 

moreover A := (v o fi)*E A and this yields 

-K z ~ 7A 

By construction 6-E is a Cartier divisor. Therefore we find a Fano 3-fold of index 
greater than 1 and it is easy to realize that Z = P(l, 1, 2, 3), and A ~ 0(1). Via the 
map ip we can also easily understand the elements of |0^(6)|. Let F C |0 P 3(3)| be 
a cubic surface with mult^i* 1 ) = 3. Then 

-K Y = e*(F + H)-5E = F y + Hy + E 

hence we get 

7A = -K z = (vo li)*(F y + H Y + E)= F v + A, 

where Fy = <p*(F) e |Oz(6)|. Equivalently St S 10^(6)1 is birational to a cubic 
and hence to a plane. The pair in b) projects birationally, from the singular point, 
to the pair in a). 

Case 4.15 (c, d). The pair (P(l, 1, 1, 2), 0(2)) is the cone over the Veronese sur- 
face, a minimal degree 3-fold, with an hyperplane section. It projects to (P 3 , 0(2)) 
from two general points in St- The pair (P(l, 1, 1, 2), 0(4)) has been discussed 
in Example 14.31 The pairs in d) projects birationally, from the singular point, to 
(PCM, 1,2), 0(4)). 

Case 4.16 (e, f, g). The quadrics in P 3 are easy, think for instance to T2^- Cubics 
with isolated singularities have been treated in Construction [T75l Cubics with non 
isolated singularities are singular along a line and we can apply the proof of case 
14. 101 in Lemma 14.71 The pair in f) projects, birationally, from the singular point to 
(P 3 , 0(3)). Similarly all the pairs in g) project, from a suitable number of points in 
St, to a pair in e). 

□ 

Remark 4.17. In arbitrary dimensions a weaker statement can be obtained without 
much effort. Let (P fc ,L>) be a pair and assume that < p{P k ,D) < j^. Then 
following |Me[ Corollary 5.10], thanks to the existence of MMP in arbitrary dimen- 
sion, [BC HMj . we end up in the usual list and it is easy to conclude as before. 
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